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Abstract
By the application of continuous wavelet transforms (or windowed Fourier transform) and em-
ploying Burzyk’s conjecture, the wavelet transform for integrable Boehmians is obtained. Inversion
formula is also established.
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1. Introduction
The Fourier transform for the Boehmians has been defined by Nemzer [5]. According to
Nemzer, the Fourier transform of the Boehmian is not necessarily a function (similar to the
Fourier transform of a tempered distribution). For a general construction of Boehmians,
we refer to Mikusinski and Mikusinski [3], Mikusinski [4].
Denote by L1 the space of complex valued Lebesgue integrable functions on the real
line R; by ‖ · ‖, the norm in L1, i.e.,
‖f ‖ =
∫
R
∣∣f t (x)∣∣dx. (1.1)
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(f ∗ g)(x) =
∫
R
f (u)g(x − u) du (1.2)
is an element of L1 and
‖f ∗ g‖ ‖f ‖‖g‖. (1.3)
A sequence of continuous real functions (δn) ∈ L1, will be called a delta sequence if∫
R
δn(x) dx = 1 for all n ∈ N (set of natural numbers),
‖δn‖M for some M ∈ R, and for all n ∈ N,
and
lim
n→∞
∫
|x|>ε
∣∣δn(x)∣∣dx = 0 for each arbitrary ε → 0.
If (Gn) and (ψn) are delta sequences, then so is (Gn ∗ ψn). If f ∈ L1 and (δn) is the delta
sequence, then ‖f ∗ δn − f ‖ → 0 as n → ∞; delta sequences are also called approximate
identities or summability kernels. A pair of sequences (fn,Gn) is called a quotient of the
sequence, denoted by fn/Gn, fn ∈ L1 (n = 1,2, . . .), where (Gn) is a delta sequence and
fm ∗ Gn = fn ∗ Gm for all m,n ∈ N .
The quotients fn/Gn and gn/ψn are equivalent if fm ∗ψn = gn ∗Gm for all n ∈ N . This
equivalence class of quotients is called integrable Boehmian, the space of all such will be
denoted by BL1 . The space of all integrable Boehmians BL1 is a convolution algebra, when
multiplication by a scalar, addition and convolution are defined, i.e.,
λ[fn/Gn] = [λfn/Gn], (1.4)
[fn/Gn] + [gn/ψn] =
[
(fn ∗ψn + gnGn)/Gn ∗ψn
]
, (1.5)
and
[fn/Gn] ∗ [gn/ψn] =
[
(fn ∗ gn/Gn ∗ ψn)
]
. (1.6)
A function, indeed, can be identified with the Boehmian [fn ∗ δn/δn], where (δn) has
usual meaning. If F = [fn/δn], then f ∗ δn = fn and thus, f ∗ δn ∈ L1 for all n ∈ N . Two
types of convergence are defined (see Nemzer [5]): if ∆-limFn = F and ∆-limGn = G,
then
∆-limFn ∗Gn = F ∗ G,
where ∆ is a class of sequence (δn). For (δn), as defined above, δn/δn (the quotient) repre-
sents an integrable Boehmian. Since the Boehmian [δn/δn] corresponds to the Dirac delta
function, denoted (usually) by δ, thus all the derivatives of δ are also integrable Boehmians.
Let F = [fn/δn] ∈ BL1 ; then for each n ∈ N we have f1 ∗ δn = fn ∗ δ1. Since∫
δn(x) dx = 1 for all n ∈ N,R
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R
f (x) dx =
∫
R
(f1 ∗ δn)(x) dx =
∫
R
(fn ∗ δ1)(x) dx =
∫
R
fn(x) dx. (1.7)
This (property) permits us to define the integral of a Boehmian by∫
R
F(x) dx =
∫
R
f1(x) dx if F = [fn/δn] ∈ BL1 . (1.8)
For a function from L1, indeed, (1.8) is analogous to the Lebesgue integral. However,
there are functions which are integrable as Boehmians but not as an ordinary function; for
instance, a continuously differentiable function from L1 is such that its derivative is not
possible in L1.
2. Wavelet transforms for integrable Boehmians
Wavelet transform is defined (see Koornwinder [2, Eqs. (2.2)–(2.3), p. 28]) as
(Φgf )(a, b)=
∫
f (x)ga,b(x)dx = F(a, b), (2.1)
f ∈ L2(Rd ), a ∈ R∗, b ∈ Rd , R is a set of real numbers, d = 1, R∗ = R/{0},
(Φgf ) = (f ∗ ha,0)(b), (2.2)
where
h(x) = g(−x). (2.3)
Therefore, for each a = 0, (Φgf )(a, b), a function of b, is the convolution product of f
with dilate of a fixed h; a being the dilation parameter.
The Parseval formula (see Koornwinder [2, p. 30]) is
∫
f1(x)f2(x)dx = 1
Cg
∞∫
0
∫
R
F1(a, b)F2(a, b)a
−d−1 da db, (2.4)
where F1 = ϕf1, F2 = ϕf2, f1, f2 ∈ L2(Rd) and Cg is the constant for admissibility con-
dition for 0 < Cg < ∞; for ξ almost everywhere on Rd ,
Cg =
∞∫
0
∣∣gˆ(aξ)∣∣2 da
a
. (2.5)
The continuous wavelet transform (windowed Fourier transform) of f with respect to g
(see Debnath [1, p. 688]) is
G[f ](ν, t) = 1√
2π
∞∫
f (τ)g(τ − t)eiνt dτ = 1√
2π
(f,gν,t ), (2.6)−∞
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G|f |(ω, t) = f˜g(ν, t) =F
{
f1(τ )
} = fˆt (ν), (2.7)
where F is the Fourier transform and G is the Gabor transform. The Parseval formula for
the Gabor transform is given by
(f˜ , h˜) = ‖g‖2(f,h), (2.8)
whereas the inversion formula is
f (τ) = 1√
2π
· 1‖g‖2
∞∫
−∞
∞∫
−∞
fg(ν, t)g(τ − t)e−iνt dν dt, (2.9)
which defines the wavelet transform of an integrable Boehmian by virtue of Burzyk’s con-
jecture.
Lemma 1. If [fn/δn] ∈ BL1 , then
[fˆt ]n(ν) =
∞∫
−∞
fn(τ )g(τ − t)eiνt dτ (2.10)
converges uniformly on each compact set in R.
Proof. If (δn) is a delta sequence, then (δˆn) converges uniformly on each compact set a
constant function 1. Thus, for each compact set K , for almost all k ∈ K , δˆk > 0 on K , for
almost all k ∈ K and
[fˆt ]n = (fˆt )n
(
δˆk
δˆk
)
= ((ft )n ∗ δ)
∧
δˆk
= (ft )k ∗ δˆn
δˆk
. (2.11)
Thus the lemma is established. 
In view of Lemma 1, the windowed Fourier transform of an integrable F = [(ft )n/δn]
can be defined as the limit of (fˆn) in the space of continuous functions on R. Thus, the win-
dowed Fourier transform of an integrable Boehmian is a continuous function on R. Hence,
the windowed Fourier transform of an integrable Boehmian is a continuous function.
Theorem 1. Let F,G ∈ BL1 ; then
(i) (λF )∧ = λF for any complex number λ and (F +G)∧ = Fˆ + Gˆ;
(ii) (F ∗G)∧ = Fˆ Gˆ;
(iii) G[f (τ − a)](ν, t) = eiaυG[f (τ)](ν, t − a);
(iv) f n(iτ ) = (−iτ )n = fˆ (τ );
(v) if Fˆ = 0, F = 0;
(vi) if ∆-limFn = F , then Fˆn → Fˆ uniformly on each compact set.
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(iv) readily follows from the corresponding properties for the windowed Fourier transform
in L1, since F ∈ BL1 ⇒ F (n) ∈ BL1 .
To prove (v), we use the uniqueness condition for windowed Fourier transform in L1
(or Theorem 2). To prove (vi), we have
δ-limFn − F ⇒ Fˆn → Fˆ
uniformly on each compact set. Let (δn) be a delta sequence such that
Fn ∗ δk;F ∗ δk ∈ L1
for all n, k ∈ N , and∥∥(Fn −F) ∗ δk∥∥→ 0
as n → ∞ for each k ∈ N , where K is a compact set in R. Then δˆk > 0 on K for some
k ∈ N .
Since δˆk is a continuous function, it is sufficient to establish that
Fˆn · δˆk → Fˆ δˆk
uniformly on K . But we have
Fˆn · δˆk − Fˆ − δk =
(
(Fn − F) ∗ δk
)∧
and ∥∥(Fn −F) ∗ δk∥∥→ 0 as n → ∞,
which proves (explicitly) (vi). Each part of the theorem is, thus, completely proved. 
Lemma 2. Let f ∈ L1 and
fn(τ ) = 1√
2π
· 1‖g‖2
∞∫
−∞
∞∫
−∞
fˆg(ν, t)g(τ − t)e−iνt dν dt. (2.12)
Then (fn) convergences to f in L1-norm.
Theorem 2 (Inversion theorem). Let F ∈ BL1 and
fn(τ ) = 1√
2π
· 1‖g‖2
∞∫
−∞
∞∫
−∞
F˜g(ν, t)g(τ − t)e−iνt dν dt, (2.13)
then
δ-limfn = F,
hence also,
∆-limfn = F.
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(fn ∗ δk)(τ )
=
∫
R
fn(x − u)δk(u) du (i.e.)
= 1√
2π
· 1‖g‖2
∞∫
−∞
∞∫
−∞
Fˆg(ν, t)g(τ − t)e−i(ν−u)δk(u) dt dudν
= 1√
2π
· 1‖g‖2
∞∫
−∞
∞∫
−∞
Fˆg(ν, t)g(τ − t)e−itν dν dt
∫
R
eitνδˆ(u) du (i.e.) (2.14)
= 1√
2π
· 1‖g‖2
∞∫
−∞
∞∫
−∞
Fˆg(ν, t)g(τ − t)e−itνF ∗ δˆk(t) dt dν. (2.15)
Thus, by Lemma 1,
‖fn ∗ δk − F ∗ δk‖ → 0 as n → ∞.
Since k is an arbitrary positive integer, thus, indeed,
δ-limfn = F.
The theorem is proved. 
By virtue of (v) and (vi) of Theorem 1, the family of linear continuous functionals
on BL1 , indeed lead us to following consequence: If the function F(a, b), defined on [0,1]
with values on BL1 , is such that F t(a, b) exists and vanishes at each point of BL1 , then F
is a constant function. Proof of this is similar to that of Rolewicz [6, p. 155].
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